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We calculate the optomechanical coupling strength for a multi-membrane in a cavity system. The optimal
configuration for an array of N membranes placed near the center of a cavity is identified. This results in a
coupling strength much greater than previously proposed multi-membrane configurations. We find that the
coupling strength scales exponentially with the number of membranes until saturating due to complete localization
of the field within the array. Furthermore we explore two sources of loss, those due to light absorption within
the membrane(s) and leakage through the cavity’s end-mirrors, and evaluate how they affect the possibility of
achieving strong coupling.
I. INTRODUCTION
Optomechanical systems span a wide range of configurations
and sizes, giving access to different parameters and operational
regimes. The membrane-in-the-middle (MiM) configuration,
first introduced by Thompson et al. [1], has proved to be
versatile in supporting the integration of various technologies
such as phononic [2] and photonic [3] crystals to enhance the
mechanical quality factor and the reflectivity of the membrane,
stress engineering [3] to further increase mechanical Q and
reduce mechanical noise, and metal coating [4, 5] to couple to
microwave resonators.
For a single membrane configuration, Jayich et al. [6] demon-
strated an approach for calculating the first order optomechan-
ical coupling strength and the characteristics of the optical
cavity as a function of the membrane’s position and reflectivity.
First and second-order optomechanical coupling rates were
then derived for a two-membrane system [7] in order to couple
the electromagnetic field to collective modes of the mechanics
and achieve optomechanically mediated long-range interactions
between different mechanical elements. Subsequent work has
invested the possibility of enhanced optomechanical coupling in
a two-membrane system [8–10] and in a system of N identical,
evenly spaced membranes [11, 12].
Each of the above mentioned works have followed the same
general method for calculating the coupling strength. A reso-
nance condition for the cavity frequencies is first derived and
then linearized about the desired configuration. However the
complexity of the resonance condition increases significantly
as the number of membranes grows, making this method ill-
suited for designing many-membrane configurations with large
coupling strengths. Here we present an alternative method
that provides direct insight into the multi-membrane coupling
strength.
Sec. II of this paper describes this alternative method for
determining the linear coupling strength in a single membrane
cavity. As is intuitively clear, one finds that the coupling
strength of a membrane to an optical mode depends solely
on the difference in intensity of the standing waves on either
side of the membrane. Analyzing the dependance of these
region-specific intensities on the large (i.e. cavity-length) and
small (i.e. wavelength) scale position of the membrane we
show how to maximize the membrane’s coupling strength.
In Sec. III, we extend our method to calculate the coupling
strengths of multiple, identical membranes within a cavity. We
discuss the coupling strength of the fields to the collective me-
chanical modes and introduce the collective coupling strength
of the entire system. Using insights gained by our analysis,
we construct a many-membrane configuration whose collec-
tive coupling strength scale exponentially with the number of
membranes before saturating. The saturation occurs due to the
nearly complete localization of the field within the array of
membranes. We confirm our analytical results by numerical
simulations, solving for the resonance condition for the same
configuration.
In Sec. IV, we calculate the loss rate due to leakage through
the mirrors and absorbtion in the membrane(s). We show that
through the use ofmultiplemembranes it is possible to eliminate
leakage through the mirrors, however absorption necessarily
scales with the linear coupling of the system, resulting in
fundamental limits for the enhancement of the coupling relative
to the decay rate of the cavity for a given material.
II. SINGLE MEMBRANE
We begin by treating the cavity as one dimensional and
the mirrors as perfectly reflecting. We orient the axis of our
cavity along the z-axis with the origin positioned in the cavity’s
center. The membranes are initially treated as slabs of lossless
dielectric material. Their positions and material properties are
described by the cavity’s dielectric function (z). This, together
with boundary conditions at the end-mirrors, determines the
cavity’s resonant modes φ(z) and their associated frequencies
ω through the eigenvalue equation [13]
1
(z)
∂2
∂z2
φ(z) = −ω
2
c2
φ(z). (1)
Initially, we restrict our analysis to a system of a single
membrane interactingwith a single opticalmode. The dielectric
function for such a system is given by
(z) =
{
n2, |z − q | < d2
1, |z − q | > d2
(2)
where n, d, and q, are the membrane’s (real) index of refraction,
thickness, and center-of-mass (CoM) coordinate, respectively.
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Figure 1. Schematic of a single membrane system.
The membrane divides the cavity into three distinct dielectric
regions as shown in Fig. 1. Within each of the regions, the
solution to Eq. 1 is a standing wave. The optical mode of our
system may then be written in the piecewise form
φ(z) =
√
~ω
0VCav
A·

√
I− cos
(
ω
c
(
z − L2
)
+ θ−
)
√
I0
n2
cos
(
nω
c
(
z −
(
q − d2
))
+ θ0
)
√
I+ cos
(
ω
c
(
z −
(
q + d2
))
+ θ+
)
,
(3)
where I−, I0, and I+ are the dimensionless regional intensities
associated with the standing waves to the left, inside, and to the
right of the membrane. We enforce that the regional intensities
sum to unity and let the overall normalization of the mode be
determined by the dimensionless absolute intensity A.
The regional intensities and the regional phases θi are related
through the matching conditions at the material interfaces
inside the cavity. We make this relationship more explicit in
Sec. II B 1 when discuss the dependency of the membrane’s
optomechanical coupling strength on its position and show
that the regional and absolute intensities exert the dominant
influence on the optomechanical interaction.
A. Single-Photon Coupling Strength
The interaction between the mechanical motion of the mem-
brane and the optical mode in our cavity is characterized to first
order by the single-photon coupling strength g0. It is defined
here as
g0 ≡ qzpf ∂ω
∂q
, (4)
where qzpf is the zero-point fluctuation in the membrane’s
position and ∂ω∂q is the shift in the mode’s resonant frequency
due to a displacement of the membrane1.
1 Note that our sign convention differs from that found in [14].
The quantity ∂ω∂q may be calculated directly from the aver-
aged radiation pressure felt by the membrane (see Sup. Info.
Sec. VIA) and is proportional to the difference in the standing
wave intensities on either side of the membrane, resulting in:
g0 = qzpf · AωL (I+ − I−) (5)
The advantage of writing the coupling strength in the form
of Eq. 5 over other forms such as those in [15] is the absence
of any dependency on the field values at the membrane. In
Eq. 5, the only dependency is on the regional intensities, I+ and
I−, and the absolute intensity A. We now focus on analyzing
how the membrane’s position controls these quantities. Once
this is known, it is straightforward to determine the membrane
position which yields the maximum value for the coupling
strength.
B. Determining the Field Intensities
1. Positioning on the Wavelength Scale: Regional Intensities
In order to determine the relationship between I−, I0, and
I+ in Eq. 3, we decompose the waves in each region into their
plane wave components and use the transfer matrix formalism.
Letting ϕ± denote the phase of the right/left standing waves
at each surface of the membrane, the regional intensities I+ and
I− satisfy√
I+
(
eiϕ+
e−iϕ+
)
=
i√
1 − r2
(
eiθr −r
r −eiθr
)
·
√
I−
(
eiϕ−
e−iϕ−
)
, (6)
where r and θr are the magnitude and phase of the membrane’s
amplitude reflectivity.
We may solve for the membrane’s intensity ratio, γ:
γ ≡ I+
I−
=
1 − 2r cos(2ϕ− + θr ) + r2
1 − r2 (7)
We see that γ is periodic under half-wavelength translations
of the membrane from its sinusoidal dependance on the field’s
phase. This periodicity allows us to tune the regional intensities
by making sub-wavelength adjustments to the membrane’s
position, irrespective of its location in the cavity. The intensity
ratio across the membrane is therefore a wavelength scale effect
of the membrane’s position.
Using the same method, we may find a relationship similar
to Eq. 7 relating I0 to I− and I+.
2. Positioning on the Cavity-Length Scale: Absolute Intensity
The absolute intensity of the mode is determined by the
fact that the field energy associated with a photon is ~ω. This
normalization condition fixes A, giving
A =
1
I− L−L + I0
L0
L + I+
L+
L
. (8)
3We note that L0 = d is independent of q, leaving the regional
intensities and the remaining length factors L±L as the terms
still dependant on the membrane’s position. While the regional
intensities are sensitive to wavelength scale changes in the
membrane’s position, the length factors are insensitive to such
changes for cavities in which L  λ. This difference in
scale-relative sensitivity allows us to treat these two quantities
as independent. Once the regional intensities are set, the
absolute intensity is entirely a cavity-length scale effect of the
membrane’s position.
It is common for the membrane’s thickness to be much
smaller than both the cavity’s length and the optical wavelength,
in which case we may take the thin approximation and neglect
the field energy within the membrane when normalizing the
mode. This is equivalent to setting L0L = 0 in Eq. 8.
C. Maximizing the Coupling
We are now ready to determine the optimal position for a
single membrane within a cavity in order to maximize the
coupling strength. At the wavelength scale, we want to position
the membrane to maximize the difference in regional intensities
across the membrane, |I+ − I− |. As noted in Sec. II B 1 this
coupling strength maximum occurs when the membrane’s
intensity ratio achieves one of its extremal values 1±r1∓r . In the
following we assume thin membranes and take γ = 1+r1−r so that
I+ > I−.
Our choice of γ fixes the regional intensities within the
cavity, allowing us to solve for the absolute intensity A for a
general membrane position q. The resulting optomechanical
coupling strength is
g0(q) = qzpf 2ωrL ·
1
1 − 2r qL
≡ g1 · 11 − 2r qL
. (9)
We emphasize that this q is approximate up to sub-wavelength
adjustments. In actuality, fixing the regional intensities limits
shifting the membrane’s position to half-integer multiples of
the wavelength. However, these increments are small enough
relative to the length of cavity that we may treat qL as a
continuous parameter in Eq. 9.
The quantity g1 ≡ qzpf 2ωrL represents the maximal value
for a single membrane’s coupling strength when positioned
near the center of the cavity (i.e. qL ≈ 0). We use g1 as a
reference to determine the factor by which the coupling strength
is enhanced due to the membrane’s position. By shortening
the cavity length L, we restrict the field to a smaller region and
both g1 and g0 increase as a result.
When the membrane is placed near the left mirror, the region
of high intensity occupies the majority of the cavity. Such a
configuration requires a lower absolute intensity to satisfy the
normalization condition, and the coupling strength is reduced
relative to that at the center of the cavity. Conversely, when
the membrane is placed near the right mirror, the region of
high intensity is restricted to a minority of the cavity and the
coupling strength is enhanced relative to that at the center of the
cavity. We conclude that the coupling strength can generally be
increased by reducing the length of the high intensity regions
within the cavity.
III. EXTENSION TOMULTIPLE MEMBRANES
We now examine systems of multiple membranes. For
simplicity, we treat the case of identical membranes. For a
system of N membranes, the cavity’s dielectric function is
shown in Eq. 10 where the qi terms are the CoM coordinates
of the different membranes with i from 1 to N (left to right).
(z) =
{
n2, |z − q1 | < d2 , |z − q2 | < d2 , . . .
1, z < q1 − d2 , q1 + d2 < z < q2 − d2 , . . .
(10)
The cavity is now partitioned into 2N + 1 regions and the
mode function φ(z) remains in the form of a standing wave
within each region. We use the same convention as that of Eq. 3
and enforce the mode’s regional intensities to sum to unity with
the normalization being set by the absolute intensity.
A. Individual Couplings
The cavity mode’s resonant frequency ω now depends on the
N different CoM coordinates qi , resulting in each membrane
having its own individual coupling strength
g(i) ≡ qzpf ∂ω
∂qi
. (11)
This is analogous to Eq. 4 for the single-membrane case, so we
may write
g(i) = qzpf · AωL
(
I(i)+ − I(i)−
)
, (12)
where I(i)± is the regional intensity to the left/right of the ith
membrane2.
The regional intensities are related by each membrane’s
intensity ratio
γi ≡ I
(i)
+
I(i)−
=
1 − 2r cos
(
2ϕ(i)− + θr
)
+ r2
1 − r2 . (13)
Just as in the single membrane case, the regional intensities
are determined by the position of the membranes at the wave-
length scale. The mode function φ(z) must still be normalized
such that the photon energy is ~ω, hence the absolute intensity
is given by
A =
[
N∑
i=1
Ii
Li
L
]−1
. (14)
2 This notation for the regional intensities, while mirroring the convention
used for the single membrane system, is overcomplete as I (i)+ and I (i+1)−
both refer to the same region within the cavity.
4With the regional intensities fixed, the absolute intensity is
again set by the cavity-length scale position of the membranes.
Because g(i) is a generalized form of that for a single mem-
brane system, we follow the same approach for maximizing
the individual coupling strengths. For each membrane, we
position it at the wavelength scale such that its intensity ratio γi
is extremized. Once the regional intensities are set, we adjust
the configuration at the cavity-length scale so that the high
intensity regions occupy a small portion of the cavity.
The presence of multiple membranes offers greater control
over the intensity profile within the cavity. Using I(i)+ = γi I(i)−
and I(i)− = I
(i−1)
+ , we express the individual coupling strengths
as
g(i) = qzpf · AI(i−1)+ ·
ω
L
(γi − 1). (15)
By controlling the intensity ratio γi−1 of the membrane’s left
neighbor, we may increase I(i−1)+ independently of γi . This
creates a region of high intensity and effectively increases
the absolute intensity felt by membranes in this region. By
compounding this effect across several membranes, very high
intensities are possible and membranes placed within these
regions can have individual coupling strengths significantly
exceeding what would be possible for a single membrane
system.
B. Collective Coupling
One motivation to study an array of identical membranes
is to investigate possible advantages of the optomechanical
properties of collective mechanical modes [7–9, 11, 12]. A
collective mechanical mode is characterized by the motion of
the membranes under the evolution of the mode coordinate u.
In general, a membrane’s position is a linear function of the
mode coordinate
qi = aiu + bi . (16)
The set of weights ai determines the profile of mode’s me-
chanical motion and bi determines the mode’s equilibrium
configuration.
The coupling strength for a collective mode is defined analo-
gously to that of the a multi-membrane system as
g(u) ≡ uzpf ∂ω
∂u
= uzpf a · ∇ω. (17)
The gradient acts on the N-dimensional configuration space of
the membranes and the components of a form the mechanical
profile ai . We normalize the mode by requiring |a| = 1,
rendering the mode’s zero point fluctuations equivalent to that
of a single membrane.
The collective mode which has the largest coupling strength
to the field has amechanical profile determined by the individual
coupling strengths of the system. The coupling of this mode
defines the system’s collective coupling strength
gc ≡
√√
N∑
i=1
(
g(i)
)2
. (18)
The system’s collective coupling strength is the highest coupling
strength achievable within a given configuration.
C. Maximizing the Collective Coupling
It is straightforward to construct a system of membranes
whose collective coupling far exceeds that of a singlemembrane.
As discussed in Sec. III A, a strongly coupled configuration is
one in which the intensity gradient across each membrane is
maximized while the field energy is confined to a small region
of the cavity. A simple example of such a configuration is
an evenly spaced N-membrane array, where each element’s
intensity ratio saturates to Γ ≡ 1+r1−r . The regional intensity then
grows by a factor of Γ across each element, making the total
intensity ratio of the array ΓN . This configuration requires the
array to be positioned near one of the end mirrors to confine
the field energy as discussed in Sec. II C.
Alternatively, we construct an array with a similar structure,
but which localizes the field in the center of the cavity. Letting
N be even, the membranes are placed symmetrically about
the center of the cavity, spaced by a distance l, subject to
sub-wavelength adjustments. The field intensity increases from
either side by a factor of Γ, until reaching the center of the array.
This configuration is depicted for a system of six membranes
in Fig. 2. For this system, the individual coupling strengths are
given by
g(i) =
1
2
g1· Γ − 1
r +
(
Γ
N
2 − (rN − 1)
)
l
L
×
{
Γi−1, 1 ≤ i ≤ N2
−ΓN−i, N2 < i ≤ N .
(19)
The collective coupling strength is
gc = g1
√
r
2
·
√
ΓN − 1
r +
(
Γ
N
2 − (rN − 1)
)
l
L
. (20)
As N increases, so does the field energy trapped inside the
array, increasing the coupling strength. In the limit of many
membranes, the coupling strength saturates to
gsat = g1 ·
√
r
2
L
l
=
√
2r3
qzpf
l
ω (21)
once the field energy is entirely localized within the array.
Since there is no energy outside the array, this saturation value
is independent of the length of the cavity. This is in contrast
to the case of a single membrane, whose coupling depend on
the cavity length. Fig. 3 shows that a configuration with small
l
L can result in a collective coupling strength that is orders of
magnitude greater than that of a single membrane system.
Both the exponential scaling with observed in Eq. 20 and
the saturated coupling strength gsat exceed previously proposed
multi-membrane configurations [12]. This is the result of
choosing the membrane configuration which maximizes the
5l+ λ4
1
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1
l
1
l
1
l
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l
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Figure 2. Optimal configuration for an array of membranes centered
in the cavity.
individual coupling strengths in the system as well as localizing
the majority of the field energy within the array. Further-
more, once the coupling is saturated, increasing the number of
elements does not affect the coupling strength.
The precise spacing of the membranes is found by determin-
ing the phase of the field required to set the regional intensities.
The allowed values are
l =
λ
2
(
3
2
− θr
2
+ n
)
n ∈ N. (22)
The spacing between the two innermost membranes must be
extended by an addition quarter wavelength for the intensity
profile to be symmetric within the array.
For mirrors with an amplitude reflectivity of 1, the resonant
lengths of the cavity are
L = (N − 1)l + λ
(
7
4
− θr
2pi
+ n
)
n ∈ N. (23)
D. Extension to Non-Identical Membranes
Our method easily generalizes to handle the case of non-
identical membranes. The only modification needed is in
Eq. 13 when defining a membrane’s intensity ratio. As each
membrane now has potentially distinct material properties,
r and θr must now have membrane specific indices. One
complication which may arise when analyzing systems with
non-identical membranes is that the collectivemechanical mode
which directly couples to the field is not guaranteed to be a
normal mode mechanical mode of the system. If this is the case,
it will be mechanically coupled to other vibrational modes of
the membrane array.
IV. PHOTON DECAY RATE
246.0ptUp to this point in our discussion, we have been
assuming the membranes and end-mirrors to be lossless in
order to simplify the associated calculations. We now include
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Figure 3. Collective coupling strength of the system depicted in
Fig. 2 with Ll ≈ 103. The colors, red, black, and blue correspond
to a membrane reflectivity of 0.5, 0.75, and 0.9 respectively. The
solid curves represent the theoretical values calculated from Eq. 20
while the plotted points represent the coupling strength numerically
calculated by solving for the resonance frequencies of the system as a
function of the mode coordinate. All elements are treated as lossless.
For comparison, the couplings of systems, with the same approximate
spacing and membrane reflectivity, in the configuration proposed by
[12] are shown in dashed lines.
photon loss. The dissipation of light within the cavity is
characterized by the photon decay rate κ, defined as
κ ≡ 1
~ω
(
n + 12
) 〈nWˆ n〉 . (24)
The operator Wˆ in Eq. 24 represents the power dissipated
within the cavity. There are two sources of such dissipation
which we consider. Correspondingly, Wˆ , and by extension
κ, may be decomposed into two terms as in Eq. 25, where
WˆT represents the energy lost through the end-mirrors and
Wˆσ represents the energy lost through absorption within the
membranes.
Wˆ = WˆT + Wˆσ (25)
We consider only the limiting case of weak losses, where
any effect on the optical mode profile φ(z) is negligible. This
then allows us to use the lossless multi-membrane extension
of the mode profile (Eq. 3) in place of the more complex,
albeit exact, mode profile for lossy systems in subsequent
decay rate calculations. We will see that such an assumption
holds quite well for realistic values of end-mirror transmission
and membrane absorption when compared against numerical
calculations.
A. Transmissive Mirrors
In the context of our earlier single membrane system depicted
in Fig. 1, now consider the case where the end-mirrors each
possess a finite transmission coefficient T  1. The power
6which escapes the cavity through the end-mirrors is directly
proportional to the power impinging on the mirrors from within
the cavity (see Sup. Info. Sec. VI B). The resulting contribution
to the decay rate from the mirrors is
κT = T · c2L · A(I− + I+). (26)
Eq. 26 remains valid for arbitrary multi-membrane configu-
rations, where I± now represents the regional intensities of the
field adjacent to the end-mirrors. In the configuration detailed
in Sec. III C, we have
κT =
c
L
· rT
r +
(
Γ
N
2 − (rN − 1)
)
l
L
. (27)
It can be seen that the mirrors’ contributions to the photon decay
rate diminish as the number of membranes is increased. This
is to be expected because higher membrane numbers reduce
the field intensity near the mirrors.
B. Absorptive Membranes
As in the previous section, we use the single membrane case
depicted in Fig. 1 before generalizing our result to multiple
membranes. Absorptive membranes may be characterized by
introducing an imaginary component n˜ to the refractive index
of the material forming the membrane [6]. In order to calculate
the power dissipation within such a material, it is simplest to
treat n˜ as arising from a finite conductivity σ. The loss operator
associated with absorption is found by integrating the Ohmic
heating induced by this conductivity through the volume of
the membrane (see Sup. Info. Sec. VIC). The membrane’s
contribution to the decay rate is
κσ = 4
n˜c
n2L
· AI0 · ξ(ϕ, θ0). (28)
ξ(ϕ, θ) = 1
2
(ϕ + sin(ϕ) cos(2θ + ϕ)) (29)
The quantity ξ in Eq. 29 characterizes the field volume within
the membrane, where ϕ ≡ nωdc is a phase that depends on
the thickness of the membrane. For a system of multiple
membranes, each membrane contributes a term similar to
Eq. 28 to the total decay rate of the cavity.
In the configuration of Sec. III C, the decay rate due to
absorption within the membranes is
κσ = n˜ · cL · χ ·
Γ
N
2 − 1
r +
(
Γ
N
2 − (rN − 1)
)
l
L
(30)
χ ≡ ϕ
[(
1 + n−2
)
+ r
(
1 − n−2
)
cos(θr )
]
+
2r
n
sin(θr ). (31)
Results from numerical calculations for the absorptive mem-
branes in this configuration are shown in Fig. 4.
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Figure 4. Photon decay rate of the system depicted in Fig. 2 with
transmissive mirrors and absorptive membranes. The membranes
possess an extinction coefficient n˜ = 10−5 while the mirrors have a
transmission coefficient of T = 5 · 10−5. The solid curves represent
the theoretical values predicted by Eqs. 27 and 30 while the plotted
points represent the value for the cavity’s linewidth obtained from
numerically calculating the full-width-half-maximum of the system’s
transmission peak. The dimensions of the cavity are the same as those
used for Fig. 3. As a reference scale, we use the decay rate of an empty
cavity, κ0 ≡ T · cL .
In contrast to the mirrors’ contribution to the decay rate of
Eq. 27 which decreases to zero as the number of membranes
is increased, the membranes’ contribution, shown in Eq. 30,
increases in the same manner as the collective coupling of
the system in Eq. 20. As we show in the next section, the
contribution of absorption to the photon decay rate necessarily
scales with the coupling strength.
C. Limitations of Absorptive Membranes
An attractive feature of multi-membrane configurations is
the possibility that the enhanced coupling strength achieved
will allow systems to reach the so called “single-photon strong
coupling regime” [8, 9, 11, 12], which occurs when the coupling
strength exceeds the photon decay rate. In this section we derive
the relationship between the coupling strength of a membrane
and the decay rate caused by the membrane’s light absorption
and reveal a fundamental limitation systems with absorptive
membranes have in achieving the single-photon strong coupling
regime.
We define a membrane’s coupling efficiency η(i) as the
ratio of the membrane’s coupling strength to its decay rate
contribution from absorption:
η(i) ≡
g(i)
κ
(i)
σ
=
qzpf
λ
· pi(n
2 − 1)
n˜
·
sinc(ϕ) sin(2θ(i)0 + ϕ)
1 + sinc(ϕ) cos
(
2θ(i)0 + ϕ
) (32)
With the material and geometry of the membrane fixed, the
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Figure 5. Coupling |g(i) | (red), absorption decay rate κ(i)σ (black),
and coupling efficiency η(i) (blue) as a function of the field phase
for 50 nm thick Si3N4 membrane and laser wavelength of 1064 nm.
These plots are normalized with respect to their maximum value. The
dashed lines show that at peak efficiency, the membrane experiences
approximately 12.5% of its maximum coupling. We treat the intensity
I(i)− external to the membrane as constant, so that the intensity I(i)0
internal to the membrane has implicit dependance on the field’s phase.
efficiency of a membrane is independent of the field intensity
within the membrane and depends soley on the field’s phase
θ
(i)
0 , which may be set by choice. The behavior of the coupling
strength, decay rate, and efficiency as a function of the field’s
phase is shown in Fig. 5 for a Si3N4 membrane. It can be
seen that maximizing the coupling efficiency comes with a
significant reduction in the overall magnitude of the coupling.
In a system of a single membrane where the only source of
loss is through absorption, strong single-photon coupling is
achieved when the membrane possesses a coupling efficiency
exceeding unity. Optimizing over the field’s phase, we find that
the highest coupling efficiency achievable by a membrane of
fixed material and thickness is
ηmax =
qzpf
λ
· pi(n
2 − 1)
n˜
· |sinc(ϕ)|√
1 − sinc2(ϕ)
. (33)
Requiring Eq. 33 to exceed unity is a necessary condition for
the possibility of achieving strong coupling which depends
only on the material properties and geometry of the membrane
and not on its position within the cavity.
For multiple membranes, Eq. 33 still holds as an upper bound
on the ratio of the collective coupling strength and the total
photon decay rate of a system of N identical membranes3 (see
Sup. Info. Sec. VID). We note than that in systems with very
weakly absorbing membranes the mirrors contribution to the
decay rate κT may decrease faster than κσ increases. In such a
case, the use of multiple membranes would result in an overall
decrease in the decay rate.
We estimated the magnitude of a 50 nm thick Si3N4 mem-
brane’s zero point motion to be on the order of 10−15m. With a
3 In the non-identical case, an upper bound on this ratio is given by the highest
individual coupling efficiency by one of the types of membranes present.
nominal value of n˜Si3N4 ≈ 10−5 [6, 16], the maximum coupling
efficiency of such a membrane with a laser of wavelength
1064 nm is η(Si3N4)max ≈ 3 · 10−3. This can be increased by thin-
ning the membrane, but increasing the efficiency by three orders
of magnitude would result in an impracticably thin membrane.
This result demonstrates that creating a system of “slab” Si3N4
membranes which has strong single-photon coupling is not
possible.
Any method for achieving strong single-photon coupling,
irrespective of configuration or number of membranes, will re-
quire a design approach where the individual membrane’s max-
imum coupling efficiency exceed unity. Such design changes
could be implemented by either constructing membranes of
materials other than Si3N4 and/or constructing membranes
with additional structure, such as referenced in [3, 17, 18]. In
the latter case, which modifies the profile of the field within
the membrane, the expressions for absorbtion we derived in
Sec. IVB for simple “slab” membranes will require modifica-
tion according to the specific structure imposed (see Sup. Info.
Sec. VI E for a discussion of how to treat such cases). The
results of the previous sections which made no reference to
the internal structure of the membrane remain valid with the
proviso that the modified structure of the membrane still allows
it to be characterized by a reflectivity r .
D. Cooperativity
While systemswith absorptivemembranes are fundamentally
limited in enhancing the ratio of the coupling and the photon
decay rate, they may still provide a significant enhancement to
the systems single-photon cooperativity
C0 = 4g
2
c
κΓm
, (34)
where Γm is the mechanical damping rate of the membranes.
For the case of identical membranes, the mechanical damping
rate is independent of the mechanical mode chosen [11]. The
cooperativity characterizes the efficiency with which cavity
photons and phonons may be exchanged [14] and is relevant
to many optomechanical processes such as effective laser
cooling [19, 20].
The enhancement of C0 in the configuration of Sec. III C,
compared to that of a single, non-absorbing membrane in the
center of a cavity, is
C0
C1 =
1
2
· rT
rT + n˜χ
(
Γ
N
2 − 1
) · ΓN − 1
r +
(
Γ
N
2 − (rN + 1)
)
l
L
. (35)
C1 ≡
4g21
Γmκ0
(36)
In the limit of many membranes, Eq. 35 saturates to
Csat
C0 =
r
2
· T
n˜χ
· L
l
. (37)
8A system of 50 nm thick Si3N4 membranes can produce an
enhancement of up to C0C1 ≈ 104 when Ll ≈ 5 · 104 and T ≈
5 · 10−5.
This enhancement may be even higher for non-simple mem-
branes whose absorption and reflectivity are superior to that
of simple membranes. The equivalent expression to Eq. 37 for
such membranes is
Csat
C0 =
r
2
· TA ·
L
l
, (38)
where A is the membranes absorption coefficient. For mem-
branes which possess a reflection and absorption coefficient
of r2 = 99.4% and A = 10−7 respectively, the enhancement
of the cooperativity in a system where T ≈ 5 · 10−5 and
L
l ≈ 6.3 · 103 is C0C1 ≈ 1.3 · 106. This is an order of magnitude
higher than previously proposed configurations with similar
parameters [11].
V. CONCLUSIONS
We have presented a derivation of the optomechanical cou-
pling strength for a membrane-in-the-middle system and have
identified that the coupling strength ultimately depends on the
field intensity across the membrane. We have shown that this
difference in field strength is determined by the position of the
membrane at both the large and small scales, and that these two
distinct effects can be controlled independently. Extending this
analysis to a system with multiple membranes, we observed
that a membrane in the array can experience an enhanced
coupling strength resulting from the increased confinement of
the field due to the other membranes. Our description of the
collective mechanical modes included a heuristic presentation
of the cavity configuration (in terms of membrane position)
that yields the highest possible coupling strength. Our method
showed that the collective coupling strength increases as more
membranes are added until saturation is reached due to the
complete localization of the field within the membrane array.
Finally, we explored the effect of loss on the decay rate of the
cavity and provided a necessary condition on membrane design
for strong single-photon coupling. We found that for simple
Si3N4 membranes with practical parameters this condition
cannot be met. On the other hand, a considerable enhancement
of the cooperativity is attainable.
VI. SUPPLEMENTARY INFORMATION
A. Calculating g0 via Radiation Pressure Force
We compute ∂ω∂q for the system of Fig. 1. Upon quantization,
the mode frequency ω is directly proportional the energy
levels of the field. We may employ the Hellman-Feynman
theorem [21] to calculate the first order correction to the these
energies due a shift in the membrane’s position q:
∂ω
∂q
=
〈
n
 ∂Hˆ∂q n〉
~(n + 12 )
(39)
Fˆz = −∂Hˆ
∂q
(40)
The radiation pressure force felt by the membrane is related
to the field’s Hamiltonian by Eq. 40 and therefore, Eq. 39
naturally leads to the standard interpretation of g0 as a measure
of the radiation pressure force per photon felt by the membrane
as described in [14]. Fˆz may be calculated by enforcing
momentum conservation for the membrane-field system via
Fˆz = −
∫
V
d3r
(z)
c2
∂Sˆz
∂t
+
∫
∂V
dAi Tˆiz . (41)
Here the integral is taken over any volume V enclosing the
membrane. The quantity which appears in the first of Eq. 41
is Poynting vector Sˆz and represents the field momentum in
the region of integration. It is noteworthy that due to the
Abraham-Minkowski controversy [22] there is disagreement
about the inclusion of (z) in the momentum density of the
field. This debate is immaterial to our discussion, however,
because the Poynting vector vanishes when averaged over a
stationary state.
It is the second term in Eq. 41 that contributes significantly
to Fˆz . The divergence theorem has been used to convert this
term to a surface integral of the Maxwell stress tensor Tˆ and is
interpreted as themomentum flux flowing through the boundary
of V . It is readily evaluated by taking ∂V over the outer surface
of the membrane, so that the surface normal points parallel to
the cavity axis and perpendicular to the electric and magnetic
fields. The resulting force, averaged over a number state, is〈
n
Fˆz n〉 = (n + 12 ) · A~ωL (I− − I+). (42)
This expression for 〈Fˆz〉 is quite similar to that for an end-
mirror of an empty cavity [14]; the only difference being the
intensity factor A(I− − I+). the origin of this factor can be
understood qualitatively by observing that, in contrast to an
end-mirror, the membrane has radiation impinging on both
sides.
Having calculated the radiation pressure force Fˆz , g0 assumes
the simple form
g0 = qzpf · AωL (I+ − I−). (43)
B. Loss from Transmissive Mirrors
The power which escapes the cavity through the end-mirrors
is directly proportional to the power impinging on the mirrors
from within the cavity. We compute the impinging power
from the plane waves in the region adjacent to the mirror. For
9simplicity, we consider the left end-mirror in the configuration
of Fig. 1. The field operators for the forward and backward
prorogating plane waves are
Eˆ (±)− = −
i
2
√
AI−
~ω
VCav
[
aˆ†e∓i(ωc z+θ−) − aˆe±i(ωc z+θ−)
]
(44)
Bˆ(±)− = ∓
i
2
√
AI−
µ0~ω
VCav
[
aˆ†e∓i(ωc z+θ−) − aˆe±i(ωc z+θ−)
]
. (45)
We derive Eq. 46 by using Eq. 44 and 45 to compute the
backward propagating Poynting vector. We then integrate it
over the surface of the mirror to obtain the total impinging
power and multiply the result by the mirror’s transmission
coefficient T to obtain the total transmitted power as the loss
operator for the left end-mirror.
Wˆ (Left)T = −T ·AI− ·
~ωc
4L
×
[
aˆ†e−i(ωc L2 −θ−) − aˆei(ωc L2 −θ−)
]2 (46)
Similarly, the loss operator for the right end-mirror is found
to be
Wˆ (Right)T = −T ·AI+ ·
~ωc
4L
×
[
aˆ†e−i(ωc L2 +θ+) − aˆei(ωc L2 +θ+)
]2
.
(47)
The total contribution to the photon decay rate from the
leakage through the end-mirrors is
κT =
1
~ω(n + 12 )
〈
n
Wˆ (Left)T + Wˆ (Right)T n〉
= T · c
2L
· A(I− + I+).
(48)
C. Loss from Absorptive Membranes
To find the power dissipated within a membrane of complex
refractive index n+ in˜, we integrate the Ohmic heating resulting
from the membrane’s conductivity. The imaginary component
of a membrane’s refractive index is related to it’s conductivity
through σ = 2nn˜0ω [23]. The operator associated with
the Ohmic heating caused by such a conductivity is readily
calculated in Eq. 49, with ϕ ≡ ndωc .
Wˆσ = σ
∫
V
d3r Eˆ20
= −AI0 · ~cσn30L ·
(
aˆ† − aˆ
)2
· ξ(ϕ, θ0)
(49)
ξ(ϕ, θ) ≡
∫ ϕ
0
dz˜ cos2(z˜ + θ)
=
1
2
(ϕ + sin(ϕ) cos(2θ0 + ϕ))
(50)
For a system of multiple membranes, each membrane con-
tributes a term similar to the total absorption loss operator in
Eq. 49. The overall photon decay rate due to absorption for a
system of identical membranes4 in a general configuration is
given by Eq. 51. The total decay rate of the cavity is the sum
of Eq. 48 and 51.
κσ = 4
n˜c
n2L
·
N∑
i=1
AI(i)0 ξ(ϕ, θ(i)0 ) (51)
D. Collective Coupling Efficiency Vs. Individual Coupling
Efficiency
We show now that a membranes individual coupling effi-
ciency of Eq. 33 also holds as an upper bound on the ratio of
the collective coupling strength and the total photon decay rate
of a system of N identical membranes. We have that for any
configuration, we may write the system’s collective coupling
strength gc and photon decay rate κ as
gc
κ
=
√(
g(1)
)2
+
(
g(2)
)2
+ · · · + (g(N ))2
κT +
(
κ
(1)
σ + κ
(2)
σ + · · · + κ(N )σ
) . (52)
For each membrane, we have |g(i) | ≤ ηmax · κ(i), so
gc
κ
≤ ηmax ·
√(
κ
(1)
σ
)2
+
(
κ
(2)
σ
)2
+ · · · +
(
κ
(N )
σ
)2
κ
(1)
σ + κ
(2)
σ + · · · + κ(N )σ
. (53)
Finally, for any set of positive numbers, the square of their sum
is greater than or equal to the sum of their squares, yielding the
desired inequality
gc
κ
≤ ηmax. (54)
E. Beyond Simple Membranes
The reflectivities of simple “slab” membranes are limited
by the refractive index of the material. Designing membranes
with photonic crystal structures [17] or sub-wavelength grat-
ings [18] can result in reflectivities very close to unity. The
4 The case of non-identical membranes is handled by including membrane
indices on n, n˜, and ϕ to account for possible differences between membrane
material and thickness.
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additions of such structures complicate the field profile within
the membranes, making a first-principles calculation of the
absorption, as was done for the simple membrane in Sec. IVB,
analytically intractable.
As an effective treatment, we may consider the membrane
to be an infinitely thin scatterer with complex polarizability
ξ + iξ˜ [12, 17, 24]. The membrane’s transfer matrix, reflection
and transmission amplitude, and absorption coefficient are
shown in Eq. 55, 56, and 57 respectively.
T =
((1 − ξ˜) + iξ −ξ˜ + iξ
ξ˜ − iξ (1 + ξ˜) − iξ
)
(55)
r =
 −ξ˜ + iξ(1 + ξ˜) − iξ
 t =  1(1 + ξ˜) − iξ
 (56)
A ≡ 1 − r2 − t2 = 2ξ˜(
1 + ξ˜
)2
+ ξ2
(57)
We work in the model of Fig. 1 with d = 0 and in the limit
of weak losses
(
ξ˜
ξ  1
)
, and proceed to use the lossless mode
profile5 in calculations of the coupling and decay rate. Using
T to determine the membrane’s intensity ratio, we find the
coupling to be
g0 = qzpf · AI−ωL · 4ξ
[
ξ cos2(ϕ−) + sin(ϕ−) cos(ϕ−)
]
, (58)
where ϕ− ≡ ωc (z − L2 ) + θ− is the phase of the left standing
wave at the membrane.
To determine the decay rate from absorption, we treat the
imaginary component of the polarizability ξ˜ as originating
from some surface conducting ρ on the membrane. We recover
T from the resulting wave equation only if
ρ =
2ξ˜
µ0c
. (59)
It is straightforward to find the energy dissipated from the
Ohmic heating caused by this ρ. The resulting decay rate is
κσ = AI− · cL · 4ξ˜ cos
2(ϕ−). (60)
We note that both the coupling (Eq. 58) and decay
rate (Eq. 60) vanish when the membrane is placed at a node of
the cavity, as there is no field for the membrane to interact with.
The vanishing of the decay rate is unphysical and arises only
because we have taken the approximation of an infinitely thin
membrane. In reality, the membrane has a finite thickness and
hence will always have a non-vanishing interior field causing
some energy loss.
5 This amounts to setting ξ˜ = 0 in the membrane’s transfer matrix T.
The coupling efficiency is given by
η = 2pi
qzpf
λ
· ξ˜
ξ
· |ξ + tan(ϕ−)|. (61)
This is singular when the decay rate vanishes, which as stated
above is unphysical, as well as undesirable as the coupling also
vanishes. In a configuration with appreciable coupling, tan(ϕ−)
will be O(1). Neglecting this singular term, our condition for
the possibility of strong single-photon coupling is
2pi
qzpf
λ
· ξ
2
ξ˜
> 1. (62)
It is convenient to recast Eq. 62 in terms of the membrane’s
reflectivity R ≡ r2 and absorption coefficient A. The expres-
sions for R andA to lowest non-vanishing order in ξ˜ξ are given
in Eq. 63. The strong coupling condition is shown in Eq. 64.
R = ξ
2
1 + ξ2
A = 2ξ˜
1 + ξ2
(63)
A
R < 4pi
qzpf
λ
(64)
Eq. 64 is a more general condition for the possibility of strong
single-photon coupling than what was found in Sec. IVC and is
valid so long as the description of the membrane as an infinitely
thin scattering element is acceptable.
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